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CneKTpajibHbie h ocLi;HJiji5iLi;HOHHbie CBofiCTBa o^Horo 
jiHHeiiHoro nynxa ^H4)4)epeHii,HajibHbix onepaxopoB 

MeTBepToro uopn^Ka 

>K. Ben AMapa, A. A. Bjia/i;HMHpoB, A. A. IIlKajiHKOB 

Ahhotali,hh. CTaTbH nocBamaeTCH HsyneHHio cneKTpajibHBix h ocD,HjijiHn,HOHHHx cbohctb jih- 
HCHHoro onepaTopHoro nyHKa A — XB, rpfi K034)(|)HLi,HeHT A OTBenaeT flH4)4)epeHLi,HajiBHOMy 
BbipajKeHHio ipy")", a KOScJxJsHi^HeHT B — flH4)4)epeHD;HajibHOMy BBipajKCHHio —y" + cry. B 
nacTHOCTH, ycTanaBjiHBaeTCH, hto see OTpHLi;aTejibHi>ie co6cTBeHHijie SHa^iCHHH ny^Ka hbjihbdt- 

CH npOCTblMH, a HHCJIO Hyjieii OTBe^aiOmHX HM C06cTBeHHbIX {JjyHKHHH npH HCKOTOpblX flO- 

nojiHHTejibHbix ycjiOBHHx CBssaHO c nopHflKOBbiM HOMepoM cooTBeTCTByiomero co6cTBeHHoro 
SHaneHHa. 



1. Bfie^eHHe 

1.1. PaccMoxpHM cneKxpajibHyio sa^any, OTBenaiomyio ^HcJicJiepeHi^HajibHOMy ypaBHeHHio 

(1.1) ^pyy_xi-y" + cry) = 

H KaKOMy-jinGo h3 Ha6opoB rpaHHHHbix ycjioBHfi 

(1.2) y{0) = y'{0)=y{l)=y'{l) = 

HJIH 

(1.3) y{0) = y'{0) = y'{l) = {py"y{l) + Xay{l) = 0. 

Ko3(|)(|)Hn;HeHTbi p,r G C[0, 1] npe;];nojiaraioTC3 3fl,ech paBHOMepno nojiojKHTejiBHbiMH, a (|)H3h- 
HecKHe napaMCTpbi en a — BemecxBeHHtiMH. PemeHHa y npe^nojiaraiOTCH y^oBjiexBopHiomHMH, 
noMHMO ccjDopMyjiHpoBaHHbix rpaHHHHbix ycjioBHii, ecxecTBeHHbiM orpaHHHeHHHM y G C^[0,1] 
npy" G C2[0,l]. 

rpaHHHHbie 3a;i,aHH yKasaHHoro BH;i,a BOSHHKaioT, b nacTHOCTH, b xeopHH ynpyrocxn, onn- 
cbiBaH fl^BnyKenne HacxHHHo saKpenjieHHoro cxepacna c cocpe;];oxoHeHHOH na cbo6o;];hom KOHii,e 
;];onojiHHxejibHOH Maccofi. Cjiynafl c ^ oxBenaex npn sxom HajiHHHio xpeHHH cxepacna o xexy- 
myio >KH;i,Kocxb — HanpHMep, „xeHeHHio" cxexjia hjih njiacxHKa no XBep^ofi no;i,jio>KKe (cm. IJLJ, 
[2j). JXpyme npHMepbi MexaHHnecKHx npHjioxceHHii Moryx 6bixb Hafl^^eHbi b MOHorpa(|)HH [3]. 
B KanecxBe rH^^poflHHaMHHecKofi HHxepnpexaii;HH ypaBHeHna fll.ip Moacex 6bixb paccMoxpeno 
xaKJKe xopomo HSBecxHoe o^HOMepnoe ypaBHenne Oppa-3oMMep(|)ejib^a 6e3 MHHMoro npoMe- 
jKyxoHHoro Hjiena (cm., nanpHMcp, |^J, [6j, [2j), BoaHHKaiomee b jiHHeapHsoBaHHoii xeopHH 

yCXOHHHBOCXH XeieHHS B33KOH HeC>KHMaeMOil JKH^KOCXH nOfl, fleHCXBHCM CHJIbI xajKecxH. 



Pa6oTa BbinojiHena npH noftii,ep}KKe PoccniicKoro 4)0Hfla (|)yH;i,aMeHTajii>Hi>ix HCCjieflOBanHH (rpanT 10- 
01-00423). 
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1.2. FpaHHHHbie sa^^ann, ;i,onycKaioiri;He b onepaxopHofi cJiopMe sanncb Ay — \By = 0, 
r;];e A n B cyxb peryjiapHbie ;];H(|)(|)epeHij,HajibHt.ie oiiepaTopt.1 nop3;],KOB, cooTBexcTBeHHo, n 
H m (npn n > m), no^BeprajiHCb HsyneHHio, nanpHMep, b paGoxax [Tjj [H], [5] h [9]. OflnaKo 
B nepeHHCJieHHbix ny6jiHKaii;H3x BHHMaHHe 6t.iJio HanpaBjieno na Bonpocbi, cBsaaHHtie c noji- 

HOTOli CHCTCM CoGcTBeHHBIX H npHCOe^^HHeHHBIX 4)yHKI];HH nyHKa A — XB. B OTJIHHHe OT HHX, 

ocHOBHoii n;ejibio namero Hccjie^oBaHHa aBjiaexca HsyneHHe BonpocoB, CBaaaHHbix c npocToxoii 
coGcTBeHHbix sHaHeHHii paccMaxpHBaeMofi aa^ann, a xaKJKe oci];Hjiji3n,HOHHL.iMH cBoficxBaMH 
ee coGcxBeHHBix (|)yHKn;HH. B sxom cmbicjic Hacxojimaa cxaxta npHMbiKaex k xeMaxHKe pa6ox 
|10] |14) . Cjie^yex cpaay oxMexHxt., hto aa^ana o6 HsyHeHHH oci];Hjiji5in;HOHHt.ix cbohcxb co6- 
cxBeHHbix c|)yHKn;Hfi ny^KOB ^H(|)(|)epeHi];HajiBHt.ix onepaxopoB HexBepxoro nopa^Ka aBjiaexca 
cymecxBCHHO 6ojiee cjiojkhoh, neu anajTornHHaa sa^ana ^Jia onepaxopoB IIIxypMa-JlHyBHjijisi. 

MexoflojiorHHecKyio ocHOBy npoBo^HMoro Hccjie^oBaHHH cocxaBjiaiox o6iri;He BapHaii;HOHHbie 
npHHn;Hnt.i fljia jiHHefiHBix nyHKOB caMoconpHJKeHHbix onepaxopoB (cm., nanpHMep, |15) ) n xeo- 
pna snaKoperyjiapntix onepaxopoB b npocxpancxBax nenpepbiBnbix 4)ynKn,HH (cm., nanpHMep, 
[lOj . |,12j . [16j . [17J ). OcnoBHbie pesyjibxaxbi co/i,ep>Kaxca b nynKxe[3l 

1.3. BBefl^em b paccMoxpenne rnjibGepxoBo npocxpancxBo Sj BRjia 

(1.4) Sj^WllO,!] 
B cjiynae rpannnnbix ycjioBnii fll.2p . n 

(1.5) S^^{ye W^[0, 1] : y(0) = y'{0) = y'{l) = 0} 

B cjiynae rpanHHHbix ycjiOBnii (11. 3p . HpocxpancxBO Sj ecxecxBennbiM o6pa30M Bjioaceno b 
L2[0, 1], nxo nosBOJiaex BBecxn b paccMoxpenne |18[ ^onojinenne 1, § 2] ocnamenne 

Sj^ L2[0,l]^Sj*, 

rjie Sj* — conpajKennoe k Sj npocxpancxBO nojiyjinnenntix cJ)ynKn,HonajiOB. OGosnannM nepea 
/ : — > L2[0, 1] H /* : L2[0, 1] — ?■ Sj* cooxBcxcxByiomne onepaxopbi BjioiKenna, a nepes J : 
So* ^ S) — HSOMCxpnio 

{yyeSj*){yzeSj) {Jy,z)^ = {y,z), 

cyni,ecxBOBanHe Koxopon rapanxHpyexca xeopeMon Pncca |19[ Fji. V, § 1] o npe^cxaBjiennn 
4)ynKn;Honajia b rnjibGepxoBOM npocxpancxBe. Bbc^^cm xaxace b paccMoxpenne jinnennbin nynoK 
T : C — )■ i3(io,io*), onepaxopt.1 Koxoporo ;],eHCXByiox corjiacno npaBHjiy 

1 

(1.6) {T{\)y,z)^ J [py"^-\{y'7 + cryz)]dx-\ay {1)^(1). 



Hmccx mccxo cjie;];yiom;HH npocxofi 4)aKX (cm., nanpHMep, |20j h |21| ): 

yTBEP>K/],EHHE 1.1. Upu Am6oM 6u6ope sHaueHUfi A G C ndpo onepamopa T{X) e uiohho- 
cmu coenadaem c MHOotcecmeoM pemenuu ucxodnou spanuHHOu sadauu (ll.ip . (II. 2p uau (II. ip . 

/],OKa3axejibcxBO. YcxanoBjienne (|)aKxa npHHa;];jie>KnocxH Bcaxoro pemenna y ncxo^- 
noH 3a;i,anH npocxpancxBy S) n o6pan],enHH npn sxom 4)ynKn,Honajia T{X)y b xo>K;];ecxBennt>iH 
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Hyjib He BbisbiBaex 3aTpy;],HeHHfi. IlycTb xenepb y & n T{X)y = 0. BBe;i,eM b paccMoxpeHne 

(|)yHKIJ,HIO 





BbiBOflHMoe H3 fll.6p HHTerpHpoBaHHeM no nacxjiM To>K;];ecTBo 

1 

(V^ G lysP, 1]) / w'^dx = 





osHanaex, hto 4)yHKii;H5i w aBjiaexca jiHHefiHofl. Hocjie^^Hee, b cboio onepe^^b, HeMe;];jieHHO Bjie- 
Hex cnpaBefljiHBOcxb cooxHomeHHH y G ^^[0, 1], py" G C^fO, 1] h paBencxBa (II. ip . BbmojineHHe 
paBCHcxBa 

{py'Jil) + Xayil) = 

B cjiynae (11. 5p npoBepaexca HHxerpHpoBaHHeM onpeflejieHHa (II. 6p no nacxHM ^jia z ^ — 

yxBepacjenne ITTT] no3Bojigex paccMaxpnBaxL. nynoK T b KanecxBe a^^eKBaxHoii onepaxopnoH 
MOflejiH Hcxo^noH rpannnnoH aa^ann, nxo n Gy^ex ^ejiaxbca naMH b ^ajiBHettmeM. 

yTBEP>KflEHHE 1.2. CneKuip nyuKa T neAfiemcfi 6em,ecm6eHHUM, ducKpemnuM u noAy- 
npocmuM. 

^oKasaxejiBcxBo. HeaaBHCHMo ox BB.i6opa snanenna A G C orpanHHeHnaa oGpaxn- 
MocxB onepaxopa T(A) c oneBH^nocxbio paBnocnjibna orpannnennon o6paxHMOcxH onepaxopa 

JT(0) + A J{dT/dX) -.S^^Sj. 

Hpn 3XOM, KaK cjie^yex h3 npe^cxaBjienna (II. 6p . onepaxop JT(0) HBjiaexca paBnoMepno nojio- 
jKHxejitnbiM, a onepaxop J{dT/dX) — caMoconpajKenntiM n Bnojine nenpeptmnbiM. CooxBex- 
cxBenno, ananenne A = npnna^JiejKHX pesojibBenxnoMy MnoacecxBy nynxa T, a nponsBOjibnoe 
A 7^ nona^aex b ero cneKxp b xom h xojibko xom cjiynae, Kor^a A~^ npnna^JiejKHX cneKxpy 
caMOConpajKennoro Bnojine nenpeptmnoro onepaxopa R ^ —[JT{0)]^^^'^J(dT/dX)[JT(0)]^^^'^. 
Ynex xoro oGcxoaxejitcxBa, nxo paspemnMocxt ypaBnenHS 

T{X)y = {dT/dX)z 

fljia npoHSBOJitno cJ^HKcnpoBannoro BeKxopa z G ker T(A)\{0} npHBO^njia 6hi k cyntecxBOBannio 
npHcoe^HHennbix BeKxopoB y caMoconpajKennoro onepaxopa R, saBepmaex ^oKasaxejitcxBo. 

□ 

1.4. YKaJKeM na nexoxopbie nonaxna n nocxanoBKH aa^an, b xom hjih nnoM CMbicjie npn- 
ML.iKaion];He k aa^ane o cneKxpajit.nt.ix cBoiicxBax nynxa T. 

Bo-nepBbix, c nynxoM T Moryx 6t.ixb CBHsanbi nynxn saMKnyxbix neorpannnenntix one- 
paxopoB T{X)I-^r-^ : S)* ^ S)* n r-^T{X)I-^ : L2[0,l] ^ L2[0,l]. Hs yxBepjK^ennsi O 
jierKO BhiBojxRTCii, nxo cneKxp sxnx nynxoB (nonnMaeMbin KaK MnoJKecxBO ananennn napaMex- 
pa A G C, npn Koxopt.ix snanenne nynKa ne HMeex orpaKHHennoro oGpaxnoro), b xonnocxn 
coBna;i,aex co cneKxpoM nynKa T. Ten caMbiM, yKasanntie nepecJiopMyjinpoBKH ne npnBnocHX 
B sajxany ;],onojinHxejibnoro co^^epacanna. 
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Bo-BTopt.ix, c;];ejiaHHL.iH naMH Bt.i6op xpaKTOBKH safl^aHvi nosBOJiHex jierKo pacnpocxpa- 
HHTb nojiynaeMBie pesyjibTaTbi na Ty cymecTBCHHo Gojiee o6iri;yio cHTyan;Hio, Kor^a ko3(|)4)h- 
ii;HeHT p npe;];cTaBji3eT co6ofi npoHSBOJiBHyio paBHOMepno nojioacHxejiBHyio 4)yHKii,Hio Kjiac- 
ca Loo [0,1], a K03(|)(|)Hn;HeHT r — npoHSBOjitHyio anaKoonpeflejieHHyio o6o6iri;eHHyio 4)yHKii;Hio 
Kjiacca 14^2"^ [0) ^ HacToameii CTaTte, o^naKO, mbi He cxaneM saHHMaTbCJi stoh npo6jieMaTH- 
Koii. 

1.5. Mepea indL na bccm npoTajKeHHH cxaxbH oGosHaHaexca oTpHii;aTejiL.Hbiii HH^eKc 
HHepn;HH KBa;],paTHHHOH (|)opML.i onepaxopa L, to ecTt Tonnaa Bepxnaa rpanb pasMepnocTefl 
no;i,npocTpaHCTB 2Jt C i^, y^^oBjieTBopHiomHX ycjioBHio 

(3£ > 0) (Vy G 971) {Ly,y)^-e\\yf. 



2. MoflejibHaa sa^ana h /],onycTHMoe MHo:»<;ecTBO 

2.1. Hmciot MecTo cjie^yiomHe ^Ba 4)aKTa, 4)HrypHpyioiu;He b paGoTe |11] Kax jieMMa 2.1 

H JieMMa 2.2, COOTBeTCTBCHHO: 

yTBEP>KflEHHE 2.1. /Jasi aki6ux paeHOMcpHO noAOOfcumeAhuux cpyHKV^uu p,r E C[0, 1] 
AwBoe HempueuaAbHoe pemenue ypaeneHUH 

(2.1) (p/)"-ry = 0, 
ydo6Aem6opHmm,ee npu neKomopoM a G [0, 1) ycAoeuRM 

y{a) ^ 0, y\a) ^ 0, y"{a) ^ 0, {py")\a) ^ 0, 

ydoeAemeopsiem maKOfce HepaeencmeaM 

y{l) > 0, y'{l) > 0, y"{l) > 0, (P2/")'(l) > 0- 

yTBEP>KflEHHE 2.2. JJa^i Am6ux paeHOMepHo noAootcumeAhHux (^yuKv^uu p,r E C[0, 1] 
Aw6oe HempueuaAhHoe pemenue ypaenenuH (12. ip . ydoeAemeopHwui,ee npu nemmopoM a G (0, 1] 
ycAoeuHM 

y{a) ^ 0, y'{a) ^ 0, y"{a) ^ 0, {py")'{a) ^ 0, 

ydoeAemeopnem maKotce nepaeencmeaM 

y{0) > 0, y'{0) < 0, /(O) > 0, (p/)'(0) < 0. 

2.2. Ilepe;]; tcm, xax npHcxynHTb Henocpe;];cTBeHHo k Hccjie;];oBaHHio cbohctb nynxa T, 
paccMoxpHM BcnoMoraTejiBHbm jiHHeliHbm nynoK 5* : C — > i3(i^,i^*), OTBenaiomHH ;i,H(|)(|)epeH- 
n;HajibHOMy ypaBHeHHio 

(2.2) {py'T -Xry = 

H KaKOMy-jiH6o H3 HaGopoB rpaHHHHbix ycjioBHH (II. 2p HjiH ( II. 3p . KaK h b cjiynae c nynxoM T, 
3HaHeHHH nyHKa 5* npe^nojiaraioTCii sa^aHHtiMH nocpe^cxBOM npaBHjia 

1 

(2.3) {Si\)y,z) ^ j [py"^ -Xryz] dx - \ay{l)z{l). 
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Ko3(|)(|)Hn;HeHTL.i p,r G C[0, 1] no-npeacHCMy CHHxaioTca paBHOMepno nojioJKHTejibHbiMH. Ana- 
jiorHHHo TOMy, KaK Gbijio cfl^ejiano npn ;i,oKa3aTejibCTBe yTBep>K;i,eHHJi II. ![ MoaceT Gbitb noKaaa- 
Ho, HTo 3Apo onepaxopa >S'(A) coBna;];aeT c npocTpancTBOM KjiaccHnecKHx pemeHHli hcxo^hoh 
rpaHHHHOH saflaHH ^jih ypaBHCHHs (12. 2p . 

yTBEP>KflEHHE 2.3. Bce noAOMCumeAbHue co6cmeeHHue SHaueHUfi nyuna S u ece pac- 
noAOMceuHue na unmepeaAe (0, 1) HyAU eso co6cmeeHHUX (pyHKUUU, omeeHamiu^ux noAootcu- 
meAbHUM co6cmeeHHUM SHaueHURM, fieAfimmcH npocmuMU. 

/I,OKa3aTejibCTBo. AnajiornHHo TOMy, xax Gbijio cflfijiauo npn ^oKaaaTejibcxBe yxBep- 
yKflfiHJis \1.2\ MOJKeT 6biTb ycxanoBjieH (JjaKX BemecxBeHHOcxH, ;];HCKpexHocxH h nojiynpocxoxbi 
cneKxpa nynxa S. Hycxb xenepb A > — KpaxHoe coGcxBeHHoe SHaneHHe yKasaHHoro nynxa. B 
CHJiy BbimecKasaHHoro, npocxpancxBO KjiaccHnecKHX pemeHHfi cooxBexcxByioineH rpaHHHHOH 
sa^aHH ypaBHCHHa f l2.2p OKasbiBaexca xor;];a ne Menee, hcm ^ByMepHbiM. CooxBexcxBeHHO, 
BHyxpn Hero ^^ojiacna nafiTHCB nexpHBHajiBHaa (|)yHKLi,H3, y;];oBjiexBop5iioiii;aH ycjioBHSM 

1/(0) = y'{0) = y"{0) = y'il) = 0, 

HTO npoxHBopeHHX yxBep>K;];eHHio 12.11 

HaKOHeu,, nycxb a G (0, 1) — KpaxHbm nyjib co6cxBeHHOH (|)yHKn;HH nynxa S, oxBenaiomeH 
coGcxBeHHOMy SHaneHHio A > 0. Bes orpaHnneHHa o6iii,hocxh npn sxom mojkho CHHxaxb bbi- 
nojiHeHHbiM HepaBCHcxBo y"{a) ^ 0. Ho xor^a oKasbiBaexca cymecxByromHM nexpHBHajiBHoe 
pemeHHe ypaBHCHHa (12. 2p . y;];oBjiexBopaioiri;ee KaKOMy-jinGo h3 naGopoB ycjioBHfl 

yia) = y'{a) = y'{l) = 0, y"{a) ^ 0, {py")\a) ^ 0, 

y{a) = y\a) = y\Q) = 0, y"{a) ^ 0, {py")\a) ^ 0, 

Hxo xaKJKe npoxHBopeHHX yxBepjKfleHHHM 12.11 h 12.21 □ 

yTBEP>KflEHHE 2.4. Uycmt, a ^ 0. Tozda onepamop —[S{0)]^^{dS/dX) : f) ne yee- 

AUHueaem HUCAa nepcMen snana HUKanou 6em,ecm6eHH03HaHH0u cjjyHKyuu f E S^. 

^oKaaaxejibcxBo. HyxeM paccyjK^eHHa, anajiornHHoro npoBe^eHHOMy npn ^oxasa- 
xejibcxBe yxBepjKfleHHs II. jierxo ycxanaBjinBaexca, hxo pemeHHe ypaBHCHHs S{0)y = 
— {dS/d\)f Hpe^cxaBjiHex co6oh KjiaccHnecKoe pemenne rpannHHoii sa^ann, oxBenaromeli ypaB- 

HeHHK) 

{py")" = rf, 

a xaKJKe rpaHHHHbiM ycjioBHHM (II. 2p . ecjiH hcxoahbih nynoK S oxBenaex xeM jkc rpaHHHHbiM 

yCJIOBH3M, H rpaHHHHbIM yCJIOBH3M 

(2.4) y{0) = y'iO) = y'(l) = (p/)'(l) + «/(l) = 0, 

ecjiH Hcxo;];Ht.iH nynoK 5* oxBenaex rpaHHHHbiM ycjiOBHHM (II. 3p . Hpe^^nojioJKHM, hto (|)yHKn;H3 
y HMeex na HHxepBajie (0, 1) ne Menee n nepeMen snaKa, xo ecxb hxo nafl^^yxca n + 1 xoneK 

< Xi < . . . < Xn+l < 1, 

y^OBjiexBopaiomHX npn KayKflpu k G [^,n] nepaBencxBy y{xk)y{xk+i) < 0. Tor;i,a GypyT cnpa- 
BefljiHBbi cjie^^yiomHe yxBep>K;];eHH3, nocjie;];oBaxejibHo ycxanaBjiHEaeMbie na ochobc xeopeMbi 
Jlarpanaca o cpe^HeM sHanenHH: 

(1) OyHKitHH y' HMeex ne Menee n + 1 nepeMen snaxa b cjiynae (II. 2p . n ne Menee n nepeMen 
snaKa b cjiynae (12. 4p . 
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(2) OyHKitHH y" H py" hmciot He Menee n + 2 nepeMen snaxa b cjiynae (11. 2p . h He Menee 
n + 1 nepeMen snaKa b cjiynae (12 ■4p . 

(3) OyHKitHa {py")' HMeex ne Menee n + 1 nepeMen snaxa b cjiynae (II ■2p . n ne Menee n 
nepeMen snaxa b cjiynae (12. 4p . 

B cjiynae (II. 2p (|)ynKn;H5i / = {py")" /r noxoMy saBe^oMo HMeex ne Menee n nepeMen anaxa. B 
cjiynae ace (12. 4p naii^yxca n + 1 xonex 

< a < . . . < < 1, 

y^OBjiexBopjuomnx npn xaJK^OM k G [l,n] nepaBencxBy {py")'{^k) ■ {vu")' {^k+i) < 0, a 
xaKJKe n xoneK (^^ G yAOBjiexBopjuon^nx npn KaJK^OM k G [1,/^] nepaBencxBy 

{py")'{^k) ■ /(Cfc) < 0. Hpn 3XOM, corjiacno (12. 4p . Bbinojinaexca xoxa 6hi Oflno h3 nepaBencxB 
{py")'{^n+i)-{py"y{'^) ^ Ohjih < 0, a noxoMy nafi^excsi xoHKa (n+i G 1) 

CO CBOHCXBOM (p|/")'(Cri+i) ' /(Cn+i) < 0. TeM caMBiM, B cjiynae (12. 4p 4)ynKn,H5i / xaKJKe HMeex 
ne Menee n nepeMen snaxa. □ 

SaMexHM, nxo b cjiynae a ^ npn jiio6om A ^ aa^annaa onpe^ejienneM (12. 3p KBa^pa- 
xnnnaH (|)opMa onepaxopa S{X) aBjiaexca paBnoMepno nojiojKHxejibnon na npocxpancxBe Sj. 
CooxBexcxBenno, Bce co6cxBennt.ie ananenna nynxa S aBjiinoxca xor^a nojiojKHxejibnbiMH n 
no^na^aiox no^ ^encxBne yxBepacflenna 12.31 PacnojioacHM cneKxp nynxa S b Bospacxaiontyio 
nocjie^oBaxejitnocxb 

< Ai < . . . < A„ < . . . 

npocxbix nojiojKHxejit.ni.ix co6cxBennL.ix ananennn. SacjanKcnpyeM xaxjKe neKoxopyio nocjie^o- 
Baxejibnocxb {yn}'^=i oxBenaiomnx co6cxBennL.iM snanennaM A„ nopMnpoBannbix (b npocxpan- 
cxBe Sj) Ben];ecxBenno3nannt.ix co6cxBennt.ix (|)ynKn;HH. HocKOJibKy onepaxop [S{0)]~^{dS/dX) 
nofloGen caMoconpajKennoMy onepaxopy [JS{0)]^^^'^J{dS/d\)[JS{0)]^^^'^, (|)yHKu;Honajibna5i 
nocjie^oBaxejibnocxb {yn}'^=i oGpasyex Gasnc Pncca b saMbiKannn oGjiacxn ananennn onepaxo- 
pa [S{0)]-\dS/dX). 

yTBEP>K/],EHHE 2.5. nycmb a ^ 0. Tosda Kaotcdasi coBcmeeHHan (^yuKv^ufi y^ UMeem e 
moHHOcmu n — 1 uyAeu na unmepeaAe (0, 1). 

^OKasaxejibcxBO. PaccMoxpnM nponsBOjitnyio BemecxBennoanannyio c|)ynKn;Hio BH^a 

n 

(2.5) f = ^Ckyk- 

k=l 

OynKn;Honajibna3 nocjieflOBaxejitnocxb {fm}m=i ^n^a 




cxo^Hxca B npocxpancxBe C^[0, 1] k (j3ynKn;HH c„?/„. Hpn sxom h3 yxBepacnenng [2?T] Bbixexaex 
cnpaBeflJiHBOcxb nepaBencxBa y"{0) 7^ 0, a h3 yxBepjK^ennji 12.21 Bbixexaex cnpaBe^jiHBOcxt 
nepaBencxBa y"{^) 7^ b cjiynae rpannnntix ycjiOBnii (II. 2p . n nepaBencxBa ?/n(l) 7^ b cjiynae 
rpannnntix ycjioBHH (II. 3p . H3 3xhx (|)aKXOB n yxBepjK^enna 12.31 cjie^yex, hxo npn m ^ 1 
4)ynKn,Hn hmciox b cjiynae c„ 7^ b xonnocxn cxojibKO jkc nepeMen anaxa, ckojibko y 
co6cxBennoH (J)ynKn,HH C ynexoM xoac^ecxBa 

f = x:^{-[S{o)]-\ds/dX)ru 
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H yTBep>K;];eHHH 12.41 CKasaHHoe osHanaex, hto (|)yHKi];H3 / Bujia fl2.5p Taxxce HMeex b yKasannoM 
cjiynae ne Gojibinee hhcjio nepeMen sHaxa. 

BsHfly jiHHeHHOH HeaaBHCHMocTH cHcxeMbi coGcTBeHHbix (|)yHKii;HH nyHKa S, npn jiioGom n ^ 
1 Hafi^eTCH Ha6op K03(|)(|)Hn;HeHT0B {ck}^^i, flJis Koxoporo cooTBexcTByiomaji cJ)yHKn;H5i fl2.5p 
6y;i,eT HMCTb He Menee n — 1 nepeMen SHaxa. Hpn stom Bcer;];a mojkho ^^oGhtbcji BbinojiHeHHH 
HepaBeHCTBa Cn ^ 0. Tor^a, c ynexoM BtimecKasaHHoro, (|)yHKn;Ha ?/„ ne Moacex HMexb Menee 
n — 1 nepeMen anaxa. 

PaccMoxpHM xenepb nponaBOjitnyio BeniecxBennosnannyio (|)yHKn;HK) BH^a 

oo 

(2.6) f = ^Ckyk- 

k=n 

OynKn;Honajibna5i nocjieflOBaxejibnocxb {fm\m=i BH^a 

oo / \ \ ™- 

^ x:{-[sm-\ds/d\)]"'f = g l^-^j cm 

cxo^HXCH B npocxpancxBe S) k cJ)ynKn;HH CnUn- CooxBexcxBenno, b cjiynae 7^ npn m 3> 1 
4)ynKn;HH ne Moryx HMexb Mentmee nncjio nepeMen snaxa, neM y co6cxBennoH (|)ynKn;HH 
Un- Corjiacno yxBepjK^ennio 12.41 3xo osnanaex, nxo (|)ynKn;H5i / BH^a ( 12. 6 p xaKJKe HMeex b 
yxasannoM cjiynae ne Mentmee nncjio nepeMen anaxa. 

SaMexHM xenepb, nxo Bjioacennas b npocxpancxBo jinneiinaH oGojionKa naGopa mhoxo- 
njienoB {x^^"^ ■ (1 — x)^}^~q HMeex pasMepnocxt n n ne co^epacnx (|)ynKn;HH c 6ojiee neM n — 1 
snaKonepeMenaMH. CooxBexcxBenno, cpe^n BceBosMOJKnbix pesyjitxaxoB ^encxBHa onepaxopa 
[S{Qy\~^{dS/dX) na yKasannbie Mnoronjienti nan^exca nexpHBHajibnaa (|)ynKn;Ha BH^a (12. 6 P c 
ne npeBocxo;];3n];HM n — 1 nncjiOM nepeMen snaxa. C ynexoM BbimecKaaannoro 3xo osnanaex 
cyn^ecxBOBanne noMepa N ^ n, oxBenaioniaa KoxopoMy coGcxBennaa (|)yHKn,H3 HMeex ne 
6ojiee n — 1 nepeMen snaxa. 

OGte^nnaa nojiynenntie peayjibxaxbi, ycxanaBjiHBaeM, nxo npn jno6oM n ^ 1 co6cxBenna3 
4)yHKn;H5i HMeex b xonnocxn n — 1 nepeMen anaxa na nnxepBajie (0, 1). BBH^y rapanxHpo- 
BannoH yxBepac^enneM 12.31 npocxoxbi nyjiefi sxon (|)yHKn,HH, nocjieflfiee paBnocnjibno flpKashi- 
BaeMOMy yxBepac^^ennio. □ 

yTBEP>KflEHHE 2.6. Uycmh a ^ 0. Tosda Bar awBou co6cmeeHHOu napu {A,?/} nyuna S 
(fjyHKyusi y UMeem e moHHOcmu mdS'(A) nyAeu na unmepeaAe (0, 1). 

/lannoe yxBepjKflenne npe^cxaBjiaex co6oh xpnBnajiBnoe cjie^cxBne npe^bi^ymero n h3- 
Becxntix BapHan,HonnB.ix npHnn,HnoB (cm., nanpnMep, |15l Proposition 6]). 

2.3. BepneMca xenepb k paccMoxpenmo ncxoflnoro onepaxopnoro nynxa T. HasoBCM ero 
donycmuMUM MHOofcecmeoM Let{p) MnoacecxBO xaxnx snanennn napaMexpa A G M, ^Jia koxo- 
ptix KBa^paxnnnaa cJiopMa 

1 

(2.7) [[p\yf-X\y\']dx 



paBHOMepno nojio^KHxejitna na iy2[05l]- MnojKecxBo saBHcnx xojibko ox Bbi6opa koscJ)- 
(|)Hn;Henxa p n npe^cxaBjiaex co6oh 6ecKonennyio BjieBO oxKpbixyio nojiynpjiMyio, HMeiomyio b 



KanecTBe CBoefl npaBofi rpaHHn;t.i HaHMenbinee co6cTBeHHoe SHaneHHe sa^^ann 

(2.8) -{py'y - Ay = 0, 

(2.9) y(0) = y(l) = 0. 

Hamefi GjiHJKailmeH ii;ejibio aBjiaexcH ycxaHOBjieHHe xoro (|)aKTa, hto npH bcskom A G Let(p) 
KBa^paxHHHaa (|)opMa onepaxopa T(A) Moacex Gbixb nocpe^cxBOM aaMenbi nepeMeHHofi npe- 
Bpamena b KBaflpaxHHHyio (J)opMy neKoxoporo onepaxopa paccMoxpenHoro Bbime MOflejiBHoro 
xHna. 

KaK xopomo HSBecxno \22\ Teopena 1.6.2], ^jih KajK^oro A G Let(p) mojkho 3a4)HKCHpoBaxt> 
paBHOMepHO nojTOJKHxejiBHoe pemeHHe a G C^[0, 1] /i;H4)4)epeHij,HajibHoro ypaBHeHHH 

(2.10) - {pa')' - Act = 0. 
SaMena napanexpa 



tix) ^ — [ adC,, u ^ [ 
^ J J 



1 





onpeflejisex npn sxom nenpepbiBHyio GneKi^Hio V : ^ S), conocxaBjiHiomyio KaJK^ofi c|)yHKn;HH 
y E Sj 4)yHKii;Hio z E S) B-ajxa 

z{x) = y{t{x)), 
z'{x) = y'{t{x))^^^^ 
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UJ 



z"{x)^y"it{x))^ + y'it{x)/^''^ 



yTBEP>KflEHHE 2.7. Onepamop T ^ V*T{X)V ydoeAemeopHem moofcdecmey 



{Ty,z) = J [py"z"-fyz] dx - Xay{l)z{l), 



a^(x) 



sde (fjyHKv^uu pur uMemm eud 

(2.11) p{t{x))=p{x) 

(2.12) f(t(x)) = Xcr(x)^^. 

a{x) 

/loKaaaxejibcxBo. HoBxopHM hohxh ^ocjiobho paccyjK^eHHH hs ^oKasaxejitcxBa xeope- 

o 

ML.I 2.1 pa6oxB.i [23j. A HMenno, saMexHM, hxo ^jih jiio6oh 4)yHKij,HH w G [0^ 1] BbinojinaexcH 

paBCHCXBO 

1 

[pa'w' — Xaw] dx = 0. 



HojiaraH w ^ \z'\'^/a, z ^ Vy, nojiynaeM oxciofla 

1 



pa'{\^\ -X\z'\' 



dx = 0. 



C ynexoM Henocpe;],CTBeHHO npoBepaeMoro TO>K;i,ecTBa 

\z"{x)\' - \y"{t{xW ^ = ^'{x) (^)' (x) 

ycxaHaBjiHBaeM xenepb cnpaBe^jiHBOCTt He saBHcamnx ot BBi6opa 4)yHKn;HH y & paBencxB 

{fy,y) = {Ti\)z,z) 
1 

[p |/f - A(|zf + cr \z\^)] dx - Xa \z{l)\^ 



1 

,"|2 



p\y \ dt + 



1 

,"|2 - l„.|2 



dx — f\y\ dt — Xa\y{l)\' 



[p\y"\'-f\y\']dt-Xa\y{l)\' 







Bbh^Y npHHii;Hna nojiapHsai^HH |19[ Fji. I, (6.11)], sto osHanaex cnpaBefljiHBocTb flOKastiBae- 
Moro yxBepjK^eHHH. □ 

yTBEP>KflEHHE 2.8. HuKttKoe HUCAO X G Let(p) He MOOKem odnoepeMeHHO ReAHrwhCfi co6- 
cmeeHHUM SHaneHueM nan nyuna, omeeHatoineso epanuHHUM ycAoeuRM (11. 2p . maK u nyuna, 
omeeHatoui^eeo epanuHHUM ycAoeuHM (II. 3p . 



/loKaaaxejibCTBO. Hpe^nojiojKHM, hto neKOTopaa BejiHHHHa A G Let (p) y^oBjiexBopaeT 
Tpe6oBaHHHM H3 cJ)opMyjiHpoBKH ;];oKa3biBaeMoro yTBep>K;i,eHHH. 3a(j3HKCHpyeM oxBenaiomee eft 
paBHOMepHO nojioJKHxejiBHoe pemeHne a G C^[0, 1] ypaBHeHHH (I2.10p . a xaKJKe CBHsaHHbie c 
HHM (|)yHKii;HH p H f BH^^a (I2.1ip . (I2.12p . y TBepacjeHHe I^TTl osHaqaex. hto (|)yHKn;HH z G C^[0, 1] 
npHHa^jieJKHT a^py onepaxopa r(A), oxBenaiomero cjiynaio rpaHHHHbix ycjioBHfl (II. 2p . b tom 
H TOJiBKO TOM cjiyHae, Kor^a c|)yHKij,H5i y G C^[0, 1] co cbohctbom z{x) = y{t{x)) aBjiaexca 
KjiaccHHecKHM pemeHHeM rpaHHHHoft sa^aHH, oTBenaiomefl ypaBHeHHio 

(2.13) (p/)"-fy = 

H rpaHHHHbiM ycjioBHHM (II. 2p . AHajiorHHHbiM o6pa30M, (|)yHKii,Ha 2; G C^[0, 1] npHHafljiexcHT 
sflpy onepaTopa T(A), oxBenaiomero cjiynaio rpaHHHHbix ycjioBHfl (II. Sp . b tom h tojibko tom 
cjiynae, Kor^a cJ)yHKij,H3 ?/ G C^[0, 1] co cbohctbom z{x) = y{t{x)) sBjiHeTCH KjiaccHnecKHM 
pemeHHeM rpaHHHHofi 3a;i,aHH, OTBeHaiom;eH ypaBHCHHio (I2.13P h rpaHHHHbiM ycjiOBHHM 

(2.14) y(0) = y'{0) = y'il) = (py")'(l) + Aay(l) = 0. 

Hpe^HOJiojKeHHe o HCTpHBHajibHOH paspeniHMocTH aa^aHH (I2.13p . (II. 2p oananaeT paBHo- 
Mepnyio HOjiojKHTejibHOCTb onpe^ejieHHofl cooTHomeHHCM (I2.12p 4)yHKH;HH f. CooTBCTCTBeHHO, 

HpeflHOJIOJKCHHe O Cyn^eCTBOBaHHH HCTpHBHajIbHOH (|)yHKH,HH y G C^[0, 1], yflOBJieTBOpjHOn],eH 

paBGHCTBy (I2.13P h KajK^oMy h3 naGopoB ycjioBHfi (II. 2p h (I2.14p . npoTHBopeiHT yTBepjK^e- 
HHio 12.21 Hnane roBopa, rnnoTeaa h3 cJ^opMyjinpoBKH ^OKasbiBacMoro yTBepjK^eHHH Morjia 6t>i 
BBinojiHSTBCH jiHinb Tor^a, Kor^a mhojkcctbo pemeHHfl rpaHHHHofl sa^ann, OTBenaiomefi ypaB- 
HeHHio (I2.13P H rpaHHHHbIM yCJIOBHSM 

y{0) = y'{0) = y'{l) = 0, 
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Gbijio 6hi He Menee hcm ^^ByMepno. Ofl^naKo b xaKOM cjiynae jiio6oe pemeHne ypaBHeHHH fl2.13p 
c HaHajiBHbiMH ycjioBH3MH y{0) = y'{0) = ^ojijkho 6t>ijio 6t>i y^oBjieTBopaxt paBencTBy 
y'{l) = 0, HTo npoTHBopeHHT yTBepacjieHHK) I?!T1 □ 

yTBEP>KflEHHE 2.9. JIm6oe co6cmeeHHoe snaHenue A G Let(p) nynna T uMeem eeoMem- 
puuecKym KpamHocmb 1. 

3to yTBepjKfleHHe neMe^jieHHo BbiTexaeT hs yTBepacflCHHs 12.81 

yTBEP>KflEHHE 2.10. Uycmb A G Let(p) — coBcmeeHHoe SHaneHue nyuna T, ydoeAemeo- 
pfimvui,ee ycAoeufiM Ac > ^/ Aa ^ 0. Todda omeeHamvuafi CMy co6cmeeHHasi (^yuKuufi UMeem 
6 moHHOcmu indT(A) npocmux uyAeu na unmepeaAe (0, 1). 

3to yTBep>K;i,eHHe HeMe;];jieHHo BbixeKaex h3 yxBepjK^^eHHH \2.7\ 12.61 h oneBH^^Horo 4)aKTa 
coxpaneHHa HHCjia h npocToxbi nyjiefl 4)yHKn;HH npn jxemcTBua onepaTopa V. 

3. OcHOBHbie pesyjibTaTM 

3.1. BBRfly BbiTeKaiomeH h3 npeflcxaBjieHHa (11. 6p paBHOMepHofl nojiojKHxejiBHocTH KBa^i;- 
paxHHHOH (|)opMt.i onepaxopa T(0), Bce nojiojKHxejiBHtie coGcxBeHHbie sHaneHHa nynxa T hmc- 
lox oxpHij,axejibHt.iH xnn, a Bce oxpHn;axejit.Ht.ie — nojioJKHxejibHbifl. Kax cjiepyeT h3 npe^Jio- 
jKCHHa [15, Proposition 6], sxo osnanaex cnpaBe;i,jiHBOcxb cjie;];yioiri;ero yxBep>K;i,eHHH: 

yTBEP>KflEHHE 3.1. Uycmh {Xn}'^=i — nocAedoeameAhHocmh cocHumaHHUX e nopfidne 
eoapacmaHUH c ynemoM KpamHocmu noAootcumeAbHux co6cmeeHHux sHaneHuu nynna T , a 
{A-n}J^Li — nocAedoeameAbHocmb (bosmochcho, nacmuHHasi) cocHumaHHUx e nopfidne yBuea- 
HUH c ynemoM KpamHocmu ompuv^ameAbHux coBcmeeHHux sHaueHuu moso otce nyuna. Toeda 
npu A G [0, A„] A G [A_„, 0] eunoAUfimmcH Hepaeencmea indT(A) ^ n—1, a npu A G (A„, +00) 
w A G (— 00, A_n) — Hepaeencmea indT(A) ^ n. 

3.2. HMeex Mecxo cjie^^yiomnfl (|)aKx: 

Teopema 3.1. Upu AwBoM n ^ 1 eunoAHfiemcH coomHomeHue A_„ G Let(j9). B cAynae 
zpanuHHUx ycAoeuu (ll.3p u eunojmeHusi Hepaeencme c > a ^ eunoAHfiemcH maKotce 
coomHomeHue Ai G Let{p). 

/loKasaxejibcxBo. IIpHHafljiejKHocxb Bcex oxpHii;axejiBHL.ix co6cxBeHHB.ix sHaHenHH 
nyHKa T ero ^onycxHMOMy MHOJKecxBy Bbixexaex h3 xpHBHajibHoro (|)aKxa nojiojKHxejiBHO- 
cxH HaHMeHbinero co6cxBeHHoro SHaneHHH sa^ann (12. 8 P , (12. 9 P . H3 yxBep^K^enna 13.11 Btixexaex 
xaKJKe 4)aKx HeoxpHn;axejibHocxH KBa^paxHHHoii cjiopMBi (II. 6p npn A = Ai. HocKojibKy b cjiy- 
Hae rpaHHHHbix ycjioBHfl (ll.3p MHoacecxBO BceBOSMOJKHbix npoHSBO^Hbix y' (|)yHKij,HH y & B 

o 

xoHHocxH coBna^aex c npocxpancxBOM W^2[05 1]' cKaaaHHoe oananaex nojiojKHxejit>Hocxt> KBafl- 
paxHHHOH (JjopMbi (12. 7p npH c>0, a^OHA = Ai. □ 

C ynexoM yxBep>KjieHH5i [3?T] h peayjibxaxoB npeflt>iflyin;ero naparpacjDa, npocxtiMH cjieflcxBH- 
HMH 3xoro (|)aKxa hbjihioxch cjie^yiomHe xpn xeopeMbi: 

Teopema 3.2. Bce ompwu^ameAbHue coBcmecHHue SHaucHUfi nyuna T neAfimmcfi npocmu- 

MU. 

Teopema 3.3. Ilycmb c < a ^ 0. Tosda Am6afi co6cmeeHHasi cfjyHKV^usi nyuna T, 
omeeHa}om,afi eso n-juy ompuv^ameAbHOMy co6cmeeHHOMy SHaHCHum A_„, UMcem e moHHOcmu 
n — 1 npocmux HyAcu na unmepeaAC (0, 1). 
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Teopema 3.4. B CAynae spanuHHUx ycAoeuu (11. 3p u eunoAHenufi HepaeeHcme c > u 
a ^ nepeoe noAOMCumeAbHoe coBcmeeHHoe SHaneHue Ai nyuna T fieAfiemcH npocmuM u 
UMeem SHaKonocmoHHuyK) na unmepeaAe (0, 1) coBcmeeHHyw (pyHKyum. 

3.3. HMeex mccto cjie^yiomHH (J)aKT: 

Teopema 3.5. Hucao ompuyameAhHux codcmeeHHUx SHaueHuu nyuna T coenadaem c huc- 
AOM ompuViamejibHux co6cmeeHHUx sHaueHuu zpanuHHou sadanu 

-y" + cry = Xy, 

y{0) = y{l)=0 
6 CAyuae spanuHHUx ycAoeuu i \1.2\\ . u spanuHHOu sadauu 

-y" + cry = Xy, 

y{0) = y'{l) + ay {1) = 

6 CAynae spanuHHUx ycAoeuu fll.3p . 

/loKaaaxejibCTBo. Ha yxBep^K^eHHa 13.11 BbixeKaeT, hto hhcjio oTpHn;aTejibHbix co6- 
CTBeHHMX SHaneHHii nynxa T coBna^aex c BejiHHHHofi lim indT(A). Hocjie^HJiH ace, KaK 

A— >— oo 

cjie^yex h3 npe^cxaBjieHHa (II. 6p , paBHa oTpHn;aTejibHOMy HH^eKcy HHepn;HH sa^aHHofl na npo- 
CTpaHCTBe KBa^paTHHHoii cJiopMBi 

1 

J [\yT + cr\y\^] dx + a\yil)\^ 



OTcio;];a H H3 Toro (JiaKxa, hto nonojiHeHHCM npocTpancTBa 9) no HopMe npocTpancxBa W2^[0, 1] 

o 

SBjiaeTca npocTpancTBO 14^2 [0' M ^ cjiynae rpaHHHHbix ycjioBHfl fll.2p h npocTpancTBO 

{yeW^[0,l] : 2/(0) = 0} 
B cjiynae rpaHHHHbix ycjioBHii (II. 3p . neMe^jieHHO BBixeKaex HCKOMoe. □ 

3.4. Ha npoTajKeHHH ocxaBineiicH nacxH cxaxBH nepea A„ 6y^yx oGosHaHaxbCH co6cxBeH- 
Hbie SHaHeHHH nynxa, oxBenaiomero rpaHHHHbiM ycjioBHiiM (II. 2p . a nepes A^ — co6cxBeHHL.ie 
3HaHeHH3 nyHKa, oxBenaiomero rpaHHHHbiM ycjioBHSM (II. 3p . 

Teopema 3.6. Upu awBom n e'H, Bar Komoposo onpedeAenu co6cmeeHHue sHauenufi A_„ 
u A'_„, eunoAHfiemcH Hepaeencmeo A_„ < A'__^. ITpu ak)6om n G N, Bar Komopozo onpedeAenu 
co6cmeennue anauenuH A_„ u X'_^_i, eunoAnsiemcji nepaeencmeo X'_^_^ < A_„. B CAynae 
eunoAnenufi nepaeencme c> u a ^ eunoAnsiemcsi mancHce nepaeencmeo X[ < Ai. 

^oKasaxejiBcxBo. Corjiacno yxBepjKfleHHio 13. H ^jia jiioGoh xohkh A < A_n KBa^paxHH- 
Haa (|)opMa (II. 6p oxpHn;axejiBHa na neKoxopoM n-MepnoM no^npocxpancxBe npocxpancxBa (II. 4p . 
Tor^a ona oxpHn,axejibHa h na neKoxopoM n-MepnoM no^npocxpancxBe 6ojiee mnpoKoro npo- 
cxpancxBa (II. 5p . nxo oananaex Bbinojinenne nepaBcncxBa A < A'^^. BBH^y npoHSBOjitnocxn 
BbiGopa xonKH A, cKasanHoe osnanaex Bbinojinenne nepaBencxBa A_„ ^ A'_„. AnajiornnnbiM 
o6pa30M ycxanaBjiHBaexca cnpaBe;];jiHBocxb nepaBencxBa A'^ ^ Ai. 

/I,ajiee, jnoGon xonxn A < X'_^_i KBa^^paxnnnaH (j3opMa (II. 6p oxpHu;axejibHa na nexo- 
xopoM {n + l)-MepnoM no^npocxpancxBC npocxpancxBa (II. 5p . HocKOjibKy npocxpancxBO (ll.4p 
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HMeeT B (11 .Sp KopasMepHocTb 1, to KBa^^paxHHHaji (|)opMa (11 .Gp oTpHn;aTejit.Ha na neKOTo- 
poM ra-MepHOM no^npocTpaHCTBe npocTpancTBa (II. 5p . hto osHanaex BbinojineHHe HepaBencTBa 
A < A_„. BBHfly npoHSBOJiBHocTH BbiGopa tohkh a, cKasaHHoe osnanaeT BbinojiHCHHe nepaBen- 

CTBa \'_n-i ^ A_n. 

saBepmeHHH ^^OKasaxejibcxBa ocxaexcH oGpaxHXbCH k xeopeMe 13.11 h yxBep>K;];eHHio 
12:81 □ 
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